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Abstract 

We provide a consistent reduction to five dimensions of the system of D3-branes at Calabi-Yau 
singularities coupled to D7-branes with world-volume gauge flux. The D3-branes source the dual 
to would-be conformal quiver theories. The D7-branes, which are homogeneously distributed in 
their transverse directions, are dual to massless matter in the fundamental representation at finite 
(baryon) density. We provide the five-dimensional action and equations of motion, and discuss a 
few sub-truncations. The reduction can be used in the study of transport properties and stability 
of D3-D7 charged systems. 
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1 Introduction 

Consistent reductions of type IIB supergravity on (squashed) Sasaki-Einstein (SE) manifolds have 
been recently studied in many instances [HIllElIllElinilZIElini [101 [HI H21 [131 HH- Apart from 
their intrinsic supergravity interest, they provide the starting point for the analysis of properties 
of some dual field theories according to the gauge/gravity correspondence. The dual field theories, 
which include four-dimensional quiver conformal gauge theories, live on the world-volume of N c 
D3-branes at the tip of Calabi-Yau cones, whose bases are the Sasaki-Einstein (SE) manifolds. 
Notable examples include AT = 4 SU(N C ) SYM [15] (the dual SE manifold being the five-sphere) 
and the Klebanov-Witten theory [IB] (with the SE manifold being T 1 ' ), in the large N c , large 
't Hooft coupling limit. The gravitational systems always admit an AdS$ solution. The explicit 
reductions of the IIB theory to five dimensions allow to study in a consistent setting features such 
as field theory vacua (i.e. the construction of exact gravity solutions) or transport properties of 
the dual field theories. Moreover, they ease the understanding of the holographic dictionary. 

In this paper we are interested in deformations of the above mentioned conformal theories by 
the inclusion of flavor degrees of freedom. To this end, we will consider D7-brane embeddings 
corresponding to massless flavors in the fundamental representation. Our primary interest is in 
the case where the world-volume gauge field is turned on, corresponding to the dual field theories 
being at finite (baryon) charge density (for a discussion of the uncharged case, see [10]). This class 
of theories are benchmark examples to describe holographically systems such as the quark-gluon 
plasma or condensed matter theories at finite density from a top-down approach. 

The general aim is the study of solutions, transport and stability of this class of D3-D7 systems. 
The latter include in particular the D3-D7 plasmas constructed in [171 118] and reviewed in [191 
120] : the uncharged case has been further investigated in [211 1221 123] . and here we take the first 
step towards the study of the charged system (the five-dimensional reduction being much more 
complicated than in the uncharged case). 

To this end, we provide the consistent truncation of type IIB supergravity on squashed SE 
manifolds, coupled to the Dirac-Born-Infeld (DBI) and a Wess-Zumino (WZ) actions to take into 
account the D7-brane sources. Thus, we generalize, in a non-trivial way, the constructions in 
[6] [7] [8 9 to include (a subset of) the D7-brane fields. Out of the two scalars (the transverse 
directions to the D7-branes) and the eight components of the gauge field living on the branes, we 
will retain only a vector field and a scalar (deriving from the gauge field too) in five dimensions. 
This corresponds to the minimal choice for having a consistent truncation. The latter includes 
also the solutions in [241 125] . 

The dual field theories are described by these systems in their Veneziano limit, in which iV c — > 
oo and Nf /N c is kept fixed, i.e. beyond the "quenched" approximation. This implies that not only 
the stack of D3-branes affects the dynamics of the D7-branes, but that the latter backreact onto 
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the geometry, modifying the solutions. The effects of the backreaction consist in a modification 
of the volume of the SE manifold, which becomes radial dependent (here and in the following 
"radial" refers to the radius of AdS), and its squashing. We will choose not to break further 
symmetries with the D7-branes by working in the smeared limit, where the (many) D7-branes are 
homogeneously distributed in their transverse directions |26l I27|. This also allow the use of the 
Abelian DBI. 

The paper is organized as follows. In section [2] we present the IIB+DBI+WZ ten-dimensional 
action and the relevant equations of motion to be reduced. We then set-up the reduction ansatz 
respecting the isometries of the squashed Sasaki-Einstein compact manifold. Section [3] contains 
the five-dimensional reduced action, while section [4] provides all the equations of motion. We 
comment on the spectrum of operators of the dual field theories in section [SI which also contains 
three baryon-uncharged sub-truncations; one of them is novel in that it contains a D7 world- 
volume scalar besides a single massive vector. We end up with a summary and mention further 
developments in section [5] The appendices contain technical details on the reduction of the brane 
action and the topological terms. 

A note on notation: our notation for the five-dimensional differential forms is of the form 
Ga , where the index a denotes the degree of the form in five dimensions, while the index in paren- 
thesis i = 0, • • • ,5 (whenever present) denotes the degree of the ten-dimensional form reducing to 

r (i) 



2 Setup 



At the gravitational level, the presence of space-filling, non-compact D7-branes is modeled by the 
presence of DBI and WZ terms, which complement the type IIB supergravity action describing 
the closed string sector. We mostly use the conventions in 28 which give 



S — SjJB ~\~ S sources , 

where for every D7-brane we have a contribution from a DBI+WZ action 
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In these expressions hatted quantities are pulled-back to the worldvolume of the D7-branes, which 
are extended along the five-dimensional target space of interest and wrap a compact three-cycle 
in the squashed SE manifold (see section I2TT1 for more details). The RR field strengths are given 
by F n — dCn-i — C n —3 A H 3 (the sign is related to the explicit sign in the exponential of the WZ 
term), and the NSNS field strength is exact H 3 = dB-z. The D7-branes admit a gauge flux on 
their worldvolume, T = 2ira! dA + £>2, being A the gauge field. We have included an explicit sign, 
a, in the WZ term to study at the same time D7-branes and anti D7-branes. They do not share 
modes with the same mass (in other words, they do not give rise to dual operators of the same 
dimensionality). Specifically, with our conventions, 



-1 for anti-branes 
-1 for branes 



(4) 



The source terms involve only the worldvolume coordinates of the D7-branes, and introduce 
Dirac deltas in the equations of motion of the fields, breaking part of the symmetries of the 
compactification manifold. This introduces a series of technical problems that can be avoided by 
performing a smearing of the D7-branes in their transverse directions. This amounts to consider 
26, 27, 29 
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for every eight-form ifig on the D7-branes. Here, O2 is a localized form, with at least one component 
orthogonal to every D7-brane, and an appropriate normalization to extend exactly Nf branes in 
the transverse directions. This prescription is not straightforward to implement in the DBI part, 
since the latter is not written in form language; see appendix [C] for details. 

Taking into consideration again ©-© one can find the equations of motion and (violation of) 
the Bianchi identities in a straightforward manner [28] 
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Of course, these are to be supplemented by the dilaton and Einstein equations 
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where we are using the conventions in appendix A of [Bj. 

We will be interested in configurations dual to massless flavors. In this case, the embedding 
of the branes is trivial. So, the only active field in the open string sector is the gauge field A. Its 
equations derive from the ones of -H3 (see appendix IX)) . 



2.1 Reduction ansatz 

The reduction ansatz for the ten-dimensional metric will have a form 

""" {r, + Ax) ® (r, + Ax)] , 



dsi 
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where 77 = dr + Ake, and Ake is a one- form depending only on the angles of the compact 
manifold, whereas Ax can depend on the coordinates of the five-dimensional target space-time. 
U KE" denotes a four-dimensional Kahler-Einstein (KE) manifold, with an associated Kahler form 
given by Jke = 2dAnE- When w = Ax — we recover the metric of the un-squashed SE manifold, 
expressed as a (7(1) fibration, with fiber given by 77, over the KE base. Rse is the radius of the 
squashed SE manifold, which we will set to Rse = 1 in the rest of the paper. 

From an effective five-dimensional point of view in which the squashed SE manifold is integrated 
out, / and w become two scalars. Ax represents, once the reduction over the SE manifold is 
performed, a U(1)r gauge field. In principle there exists the possibility to consider charged 
matter under this gauge field in the reduction, but we will restrict to the neutral case in which 
these matter fields are not present. Despite considering this truncation, the reduction will still be 
consistent, although non-supersymmetricQ 



1 Being interested in theories at finite density and/or finite temperature, the lack of supersymmetry is not that relevant 
after all. 
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The reduction ansatz makes heavy use of the structure of the SE manifold. To begin with, the 
Fs RR field strength satisfies a self-duality condition that cannot be implemented in the action and 
must be imposed directly in the equations of motion. However, when we perform the reduction on 
the Sasaki-Einstein manifold we would like to make the self-duality explicit for the dimensionally 
reduced fields. In order to implement this condition in the reduced equations we find it convenient 
to consider the following action, adapted to the SE case, 



S = 



2k 10 
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±e*F 3 A^ 3 -iFsA* U F 5 



+ - 2 / C-to-p + Sdbi 

ZK w 



where the field strength definitions are modified to satisfy the Bianchi identities l|6 |) -(|8 |l 

Fx = dCo + F? 7 , (18) 
F 3 = dC 2 - C H ?J +JA FP 7 , (19) 

F 5 = Fj® + dd - ic 2 A H 3 + ifi 2 A dC 2 + \T A T A F° 7 , (20) 
and we have definecQ 

Fi 7 = crQf (dr + Are) ■ (21) 

fln,^ Z?_ 7?< 

fl 



Here Flf' is the flux part of F5, F^ 7 is the part of F\ sourced by the D7-branes and 



where V(X) is the volume of the manifold X, and X$ is the compact three-cycle wrapped by each 
D7. The topological term is given by 

' ' v( 5 > _L An. — I T 2 a J7 D7 \ A ( R.^ A An n„ A A R„ T 2 A J? D7 



Cto P = - IF), + dd - -T z A F?' J A (B 2 A dC 2 -C 2 A dB 2 + J 7 A Ff^'J (23) 
- \F A A T 3 A F? 7 + Ifi A .F 4 A Ff 7 . 

This action produces the same equations of motion as the original one but it has the 

advantage that the four-form potential C4 enters only via derivatives, which makes easier the 
implementation of the self-duality of F5 in the reduced five-dimensional action. 

In order to write down the reduction ansatz for the form fields, let us recall some properties of 
the Kahler form and the fiber 77. These satisfy 

Jke A Jke = 2V(Xke) , drj = 2J KE , Jke A Jke A 77 = 2V(X SE ) , (24) 
with V(X) the volume form of the manifold X. We find it convenient to define n-forms A n as 

A = 1 , Ai = r] , A 2 = -)= Jke , A 3 = ^ j ke A tj , (25) 

A4 = — Jke A Jke , A 5 = ~ Jke A Jke A v , A >5 = . (26) 

These forms are useful to decompose generic ten-dimensional forms into effective five-dimensional 
forms, since we can 'factor' out the components along the compact squashed SE manifold with 
the A n . It is useful to remark here that these satisfy 

{0 if m and n are odd 

a .I , (27) 

/\ m +n otherwise 

from where A n A A5_ n = V(Xse)- The Hodge operation with respect to the SE manifold is 
implemented trivially, since *A n = As_ n . 



2 We use the same notation as I1U| . 
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To include the presence of the U(1)r gauge field in our ansatz it is better to define a new basis 
of forms A n as follows 

Ai = Ai+Ai, A 2 = A 2 , A 3 = A 2 AAi, (28) 

A 4 = A 2 A A 4 , A 5 = A 2 A A 3 . 

Some important properties to work with the new basis are 

dA n = 2V2 (A 2 <5i n + A 4 <5 3 n) + dA^m + A 2 A dAi5 3n , (29) 

and 

G5 A A n = G5 A A n , (30) 

where G5 is any five-form in the target spacetime. 

Coming back to the D7-branes, in order to preserve the structure of the SE manifold the pull- 
back of the ten-dimensional spacetime to the worldvolume of the flavor branes gives (considering 
no gauge field turned on in the worldvolume and a trivial embedding profile) 

V(D7) =e J # /+2 ™*lA A 2 A Ai , (31) 

where *1 is the volume form of the target five-dimensional spacetime with metric ds 2 in (|16|l . In 
order for fl 2 to be orthogonal to V(D7) we need to have S7 2 oc A 2 . Furthermore, the Bianchi 
identity for F\ is 

dFi = -a Q.2 => dQ 2 = , (32) 

and a minimal way to fulfill the requirements is to let fi 2 = —crQf dAi. 

Finally, in order to obtain a set of differential equations for five-dimensional quantities we split 
the different components of the fields into effective five-dimensional forms and components along 
the squashed SE manifold 6,7, 8, [9]. For the field strengths we defint^ 

3 v 2 

H 3 = J2 H » ) AA 3 -„, F p = J2 F n p) A A p _„ , J^J„AA 2 _„. (33) 

n— n=Q n—0 

A similar decomposition holds for all the potentials but Ai, since this gauge field is originated in 
the metric, where the SE structure is already explicit. 

3 Five-dimensional fields and action 

The decomposition (|33[) leads to the following five-dimensional fields. The ten-dimensional RR 
one-form leads in five dimensions to 

F W = aQf , (34) 
=dQ ( ) 0) -aQfAi . (35) 

The ten-dimensional RR three-form gives 

F (3) = F^T , (36) 
J\ (3) = dCf 5 - 2v / 2Cf ) - C^ 0) H[ 3) - aQ f To A! , (37) 
f 2 (3) = dC[ 2) - C^H^ + aQ f (JT 2 + Ji A Ai) , (38) 
F 3 (3) = dC { 2 2) - C^H^ - Cf 3 A dAi - aQ fT 2 A A 1 . (39) 

The self-dual ten-dimensional RR five-form provides the following five-dimensional fields 

F (5) = Fjff + ^F 2 , (40) 

F<*> = dC^ - 2V2C[ 4) - icfi/f > + (dC™ - 2V2C[ 2) ) - F^Ai , (41) 

if > = dC[ A) - ic< 2) ^ 3) + \& 2) A + \B[ 2) dC[ 2) (42) 
- ifi< 2) A {dC[ 2) - 2V2Cf >) + aQ f To {T 2 + JiA A\) . 



3 If necessary, we will understand that the terms multiplying A p >5 or A<o are equal to zero. 
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The NSNS three-form decomposes to 



r(3) 



dB, 



(2) 
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fff 5 = dB\ 
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B {2) A dAi 



Finally, the world-volume gauge field reduces to 

To = 2V2Ao + Bf ) 
Ji = dAo + B[ 2) , 
-F 2 = dAi 



AodAi + B {2) 



(43) 
(44) 
(45) 

(46) 
(47) 
(48) 



where we have reabsorbed a factor of 2na' into the definition of A. 

Thus, the ten-dimensional axion Co obviously reduces to a scalar Cq ' in five dimensions. The 

(2) (2) ^(2) 

two- form RR potential C2 is decomposed into a two- form C\ , a vector C{ and a scalar Cg 
with a Stiickelberg coupling to the vector. For the NSNS two-form the decomposition is slightly 
different (apart from the two- form B^) since there are two field strengths in which the vector 
£>J 2 ' couples to the exterior derivative of two different scalars: B^ and Ao- In general we have 
the relation 

dFo = H[ 3) + 2\ r 2F 1 ■ (49) 

The four-form C4 reduces, due to the self-duality of Fg, just to a vector and a scalar Cq 4 ' with 
a Stiickelberg coupling to the vector. Finally, the vector A gives, in five dimension, the vector Ai 
and the scalar Ao- 

We present in table Q] a summary of the counting of fields in five dimensions, including the 
fields g, /, w and A\, coming from the ten-dimensional metric, and the dilaton $. 



Original lOd field 


5d two-forms 


5d vectors 


5d scalars 


5d metric 












c 2 










Co 






r (o) 




B 2 










A 




A x 


Ao 




G 




A x 


f,w 


9 


$ 






$ 





Table 1: Table of five-dimensional fields originating from the ten-dimensional ones. As discussed in 
the text, the scalars Cq 2 \ Cq 4 -* and B^ are Stiickelberg fields that might be set to zero, hxing the 



gauge and implying that the vectors C[ , c[ and B\ z> are massive, respectively. The vector A\ 
corresponds to a pure gauge transformation of B 2 and can be gauged-hxed away. 



(2) 



In order to write the action in a (almost) compact form, we also introduce the short-hand 
notation 

L S = B 2 A dC 2 - C 2 A dB 2 + J- 2 A Ff° 7 . (50) 
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Decomposing in the basis given by the A n forms we obtain the components 

L^=aQ f T 2 , (51) 
L< 5) = - (dB« - 2^2B 1 2) ) + (dCf 3 - 2V2C{ 2) ) - aQ f J%Ai , (52) 

Lf = - C< 2) dB< 2) + C< 2) A (dB< 2) - 2V2B^) + B« dCf (53) 

- B[ 2) A (dC^ - 2^2Cf + a2Q f T (T 2 + J"i A Ai) , 

- C {2) (di?f - B< 2) A dAr) - Cf 5 A (dB< 2) - 2^ J B< 2) ) (54) 
+ B (2) (dC {2) - C[ 2) A dA^j + B {2) A (dC {2) - 2V2C[ 2 A - a2Q f T T 2 A Ai , 
C[ 2) A (dB< 2) - B< 2) A dAx) - C< 2) A dB< 2) - B< 2) A (dC< 2) - C< 2) A dA 1 ) (55) 



i 3 



(5) 



"(5) 



+ B (2) A dCf } + aQ f T 2 A (Ji + 2Ji A Ai) 



i 5 



(5) 



- 5 A (dBf 5 - ) AdA^j + B (2) A (dCf > - c[ 2) A dAr) (56) 



Note that the L' 5 ' are not independent fields but just a convenient notation. 

Armed with these decompositions, we can reduce in a straightforward way the action ©-© 
(see section l3~T1 and appendices [BllCl for further details), obtaining the result in the next subsection. 

3.1 The action 

We write here the result of applying the reduction ansatz to the ten-dimensional action given in 
(|17[) . In principle this does not necessarily guarantee that the equations of motion derived from 
the variational principle in the reduced action coincide with the reduction of the ten-dimensional 
equations of motion. We have checked explicitly that this is the case and, for clarity, we present 
the action here before the reduced equations of motion. 

To perform the reduction we need to express the ten-dimensional Hodge star operation, 

in terms of the five-dimensional one, *, and the Hodge star in the SE manifold *. Taking into 
account the squashing and the conformal factor in front of the metric (|16p we have 

* (Gp A A„) = (_l)»(5-P) e 2 ^/ e (2n- 5 )/ e [5((-l)"-l)+2n] W A (57) 

= (_i)»(5-p) rp n p Gp ) a a 5 _„ , 



where we have defined 

\2 



*-p,n — GXp 



3 (5(1 - p) + 3n)f + [5((-l) n - 1) + 2n]w 



(58) 



which in particular satisfies the relation r n ,5_ n r5_ niIl = 1. Let us explain how the different factors 
of the scalars / and w arise. In the first line of ()57[) the first exponent of / is due to the conformal 
factor exp(10//3) in front of the five-dimensional metric (|16p . The second exponent of / takes 
into account the warping factor felt by the As_„ on the r.h.s. (which contributes with an (n — 5)/ 
factor) and the warping factor felt by the A„ on the l.h.s. (an additional nf contribution). Finally, 
the exponent with the w scalar receives the same 2n — 5 contribution as the term with /, and an 
additional ±5w depending on whether n is even (positive sign) or odd (negative sign). This is due 
to the fact that A 2n +i = A 2n A Ai, so the squashing has an effect in the presence of odd-degree 
A's. 

Now we calculate the ten-dimensional kinetic terms, G p A *G P , in the action. Omitting for 
the moment the dilaton and constant factors, we use (|57[) to obtain 

f G P A *G P = V(Xse) ]T f r„, p _ n G(f ) A *Gi p) , (59) 

•* n=0"' 

where in the r.h.s. we have a five-dimensional integral, since we have performed the integral over 
the SE manifold, J SE A 5 = V(X SB ). 
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df 
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dw 
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dA 1 
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F (D 
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if> 
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8/3 


-4 
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Table 2: Coefficients associated to the forms that 
Notice that these correspond to kinetic terms, not 
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-1 
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-1 


-4/3 


-8 
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-1 


-20/3 
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enter in the reduced five-dimensional action (|69p . 
the potentials. 



To reduce the Ricci scalar we use the orthogonal frame 



— a 4 f a 

e = e 3 e , 
e = e w 'e 



-9 4u>-/ 

e = e ' 



(o = 0,--- ,4) 
(i = 5,-- ,8) 



(»7 + -Ai) 



(60) 
(61) 
(62) 



Notice that V / 2A 2 = Jjce = e 5 A e 6 + e 7 A e 8 = e 2(f+w) (e 5 A e 6 + e 7 A e 8 ). The components of 
the Ricci tensor in ten dimensions can be read for example in ,3] and are given by 



R 



(10) 

a /3 



_ LU f 

e 3 1 



3^/3 Os/ 



p(10) _ 
p(10) _ 



5y \6e 2f+2w 



2e 



2i+12 ™ + e-^ f a 5 (f + w)\ , 



(10) 



i? 



R (10) _ 



(10) 
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1 _2 

-e 3 



, 



{e-^ + ^{dA,) 0o ) 



and since *l = es' ^ ^ 5 f rom H57I) . we are led to 



^ 10 »i°l 



) * 1 - yd/ A *d/ - 20d™ A *dw - ie"T-f+ 8l "dAi A IdAi 



-4e 4 f /+2 '" (e 10 ™ — 6) * lj A A 5 . 
Collecting the reductions of all the terms present in the action we obtain finally 



F„ 4 A *F„ s - V * 1 



op -f SoBI,5d , 



(63) 



(64) 

(65) 
(66) 
(67) 



(68) 



(69) 



with k 2 = k 2 /V(Xse)- In equation (|69|) . the index i runs over all matter fields present in the 
reduction, whose coefficients are given in table [2] Comparing with the reduction of the form 
products appearing in (|17[) . and the relation between the ten-dimensional and five-dimensional 
Ricci scalar (|68p . we find that the potential is given by 



V = 4e~ 



f+2w / 10w 



1 40 , 



l + -e 



1 $+4 



~2 6 



*+4f/-4^ ^(3) 



1 2*+f/-8«J 

'2 



(F (1) ) 2 . (70) 



It is worth noting that for Qf ~ 0(1) the potential does not admit any standard AdS 1 vacuum. 
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The topological part of the action, Stop, is given by (see appendix [B] for details on the derivation) 
-L / A d Al A + T *rt A Ai - i^) L W (71) 



F 2 (5) + dCf 3 - aQ f T (T 2 +JiA Ai) ) A L<f> 



+ a^lToTi A Ai A L 2 5) + a% JF 2 A (Ja + ZFi A Ai) A l{ 5) 
4 ^8 



+ cr^Jb [F^> A Ja A (_F 2 + 27i A Ai) + F W 7a A Ai 
- v^Fo J^oF 3 (3) A (T 2 +JiA Ai) + .F F 2 (3) A J2 A Ai 

+ F x (3) A J-2 A (JF 2 + 2J\ A Ai) + F (3) J- 2 2 A AiJ , 

whereas the five-dimensional reduction of the DBI term reads (details on how to obtain this 
expression can be found in appendix [Cj 



W,„ = -g£ [^'^y fiSG^ Jl + t^tf U, (72) 



with Z a matrix that can be written formally as 

Z = g + e-i-^ f (F 2 +J r iAA 1 ) + e-' i -i f - 8w T 1 ®T 1 , (73) 
g being the five-dimensional metric. 

4 Five-dimensional equations of motion 

The equations of motion in five dimensions can be derived either from the action (|69|) or from the 
reduction of the ten-dimensional equations (I10[l - (|15[ 1. In both cases one arrives to the same result. 

For the differential forms the simplest way to obtain the reduced equations is to directly reduce 
the equations of motion. From the Fi field-strength equation (|10[) we get 

d [e 2 * I ff >] = - e"*' + * * F< 3) A tff - <.-*/-*»+* I F 2 (3) A (74) 

and there is no equation of motion for Fq , which is a flux due to the presence of D7 (anti-) 
branes. 

Equation for F3 results in three different five-dimensional equations, of which only two 
are independent 



[ e *-¥ / I jf)] = pW A ff C3) _ F (5) A ff C3) _ F (5) A ff (3) _ 2v ^ aQ/J - jr 2A jr lt (75) 
* F 2 (3) ] = 2^2 e *+ 4 (- f+l "> I F< 3) + e*"*' * F 3 (3) A dAi - A #W ( 76 ) 



+ e § J f 2 (s) A H< 3) +\A2a A T 2 



From 1|76[) we can obtain the equation of motion for Cq by acting with the exterior derivative. 

This is a consequence of the Stiickelberg coupling between the five-dimensional scalar and vector 

( 2 ) 

associated to the reduction of C 2 : C can be seen as the longitudinal component of the vector 
C[ 2 \ 

Equation (|12l) for F5 , after self-duality has been considered, gives just one independent equation 
of motion for the reduced vector potential 

d [ e S/-4» % )] = 2 ^2 e 8 '+ 8 » I F< 5) + F 2 (5) A dAi - H[ 3) A F 3 (3) - ffW A F< 3) (77) 

- \FloQfT 2 A T 2 . 
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Once again, acting with the exterior derivative produces the equation of motion for due to 
the Stiickelberg coupling between the scalar and vector in the reduction of C4. The forms Cf 4 ' 
with i = 2, 3, 4 are given in terms of Cq 4 ^ , C^ 4 ' by the self-duality of F$. 

In the NSNS sector the presence of the DBI term in the action becomes manifest, since the two- 
form potential B2 couples to the gauge field in the world-volume of the D7-branes via the gauge- 
invariant combination T ' . The effect of such term in the Lagrangian is denoted in the reduced 
equations by the presence of n- forms, 0„, whose precise definition is relegated to appendix [A] We 
just want to note that the <d n are proportional to Qf but insensitive to the factor a, since their 
origin is tracked to the DBI action, not the WZ term. The equations of motion are 



d e-*" 



lf I ff< 3 >] = e *-¥'F« A lF 3 (3) + e *-4/-8» F W J F W _ F W A F W (78) 

+ e Sf-*» I F 2 (5) A + ff > A ^> + F^FP ~ ©3 , 
d [ e -*~f -*» I H^] = 2V2e^ +4 ^ I #< 3) + e"*"*' I A dA 1 + F^ A F< 3) (79) 

+ e *-it-*» F p.) A * F w _ e §/-4» J Fa ( B) A F w + 04 ; 

+ e*' I F (5) A F (3) + e 8/+Sl " * ff > A F< a » + e*'-*» * F 2 (5) A F 2 (3) 

-e 5 , 

with, in coordinate basis and with indices in round (square) parenthesis indicating symmetrization 
(antisymmetrization) , 



03 = - ||f e* +2f+2w V\Z\]j 1 + 6 $+4/+4m j- Q 2 (Z- 1 ) i,a e obciC2e3 d K cl A dx C2 A dx C3 , (81) 



e 4 = _ ^/ e f +2/ +2 « v ^|^ 1 + ^_ — ^2 (82) 

x [(Z-^^Uh + 2e-* +2/ - 8t °(Z- 1 ) (J,tl) J-i i) ] e aciC2C3CA dx cl A dx C2 A da; C3 A dx Ci , 



9 5 = -2Q /e -- f+6 "' x /| !7 -i.Z| 



„-<S>+4f+4w 
1+- = ^ 



-1/2 

If . (83) 



Contrary to the case of the RR two-form potential, equation (|8U|) is not implied by (|79p upon 
acting with the exterior derivative. The ultimate reason is that even if the dimensional reduction 
gives the Stiickelberg coupling — dB^ — 2\/2B[ 2 \ the vector field B[ 2 ^ is also coupled to 

a different scalar through the relation T\ = dAo + B\' . Indeed, this is the origin of the relation 
((49}. A specific calculation showing the independence of equations (|78[) - (|80[) (and the relation to 
the equations of motion for Ao,Ai) is found in appendix IA1 

Thus, reducing the ten-dimensional equation of motion for the NSNS potential we obtain three 
equations, (|78[) - (180[) . which are all independent and must be used to find Bq\ 2 an< i <Aa,i- As 
mentioned, both B^ and Ao couple in a Stiickelberg fashion to the vector B[ 2 , so one of the two 
scalars corresponds to a gauge degree of freedom, whereas the second scalar is a physical degree 
of freedom. Moreover, _B 2 enters in the action only via its external derivative or added to dAi, 

12) 

which can be interpreted as a gauge transformation of _B 2 . The implication is that considering 
a non-trivial Ai can be traded for a gauge fixing in B^\ Therefore, equations (|78p - (|80|l suffice 
to describe the ten-dimensional NSNS potential and D 7- world volume gauge degrees of freedom in 
the effective five-dimensional theory. 

The last ten-dimensional matter field to consider is the dilaton. Once again, the existence of 
the DBI term in the total action is reflected in the equation of motion, which in this case is derived 
easily from the five-dimensional action (|69|l as 

.5 jj, 1 7 a^i+bif+ciw tp « ? 77. , 5 2SSoBI,5d /0 .n 

d* d<2 = - > kidie F n A *F„ + — — * 1 - 2k 5 — , (84) 

which gives the same result as the ten-dimensional equation of motion (|14p expressed in our five- 
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dimensional decomposition 

d| d<E , = _ l e -* ( e -f /ffM A | H (3) +e -|/-«- jff (3) A |tf(3) + e */+*»ffM A £ ( 
+ I e * (e-^/ F3 (3) A Jjf) + .0) A ^(3) + e 4/+4» F (3) ^ 5^(3) 



(3) 



+e 



^1 + ie-*+ 4 /+ 4 ^ Jb 2 



+ 4Q / e* +J # /+2lu Vdet( 5 - 1 -^)Jl + ^- e -*+4/+4- ( 1 + i tr 



7 -i ^ 



(85) 



* 1 



Similarly, we can find the equations of motion for the scalars / and w as 



^ d I df = kibie at 
40 did™ = i ^ kiCie ai ® +bif+CiW F rli A *F ni 
which are given explicitly by 



fn, A *F n 



3V 5 2 SS D BI,5d 

dV 5 2 SS DB I,5d 

— ★ 1 - 2k 5 

Oti) ow 



(86) 
(87) 



40dl df = 6e af+ew F& A Iff' + 2 e § / - 4l "F 2 (5) A *F 2 (5) - 4 e -^ /+sh " t L4 1 A UAj. 

+ e* [se^+^F^ A _ e -f/-^F 2 (3) A If< 3) - 5e"f A If< 3) ] 

+ e~* [se 4 ^ 4 ^ 3 ) A < 3) - e-^- 8 ™^ 3 ' A Jff< 3 > - 5e~f f H^ A *ff| 3 >] 
6) + 10e*'(f W) a + 7e*+* / - 4 »( J F (3) ) 2 



+ 



32e~ 



+ 4e 



2*+^/-8u>/e,(1)\2 



★ 1 + 6Q/e" 



V det^- 1 ■ Z)>q 2 5 



1 + le-s+^+^^o 2 



+ 6Q / e* + ^ /+2 "' Vdet( fl -i ■ Z)\/l + ^e"*+ 4 /+ 4 » + tr 



7 -i ^ 



*1 , 



and 



40dl dw = 4e 8/+8m F 1 (5) A *F< 8) - 2 e § / - 4t "F 2 (5) A *if 3 + 4 e -^ /+8lu dyl 1 A 



+ e 



2e 4/+4» ff (3) A | F ( 3 )_ 4e -| 



48e~ 



1 -2e*^ 



4e 



2#+^/-8w^(l)^2 



1 + i e -*+4/+4»jr 2 



+ 2Q / e* + T/+ 2 » x /det(< 7 - 1 ■ Z)^/ 1 + ^_ e -*+4/+ 4m ( 4 + tr 



r 1 . — 

5™ 



(89) 



★ 1 



The equation of motion we get for the U(1)r gauge field receives also a contribution from the 
DBI term, which is derived in appendix(C] The resulting equation is found easily from the effective 
five-dimensional action and reads 

d [ e -¥/+«- I dAl ] = e 2 *F (1) A IF' 1 ' + e *+4/+4- F (3) A * F (s) + /f (3) A 5^ (gQ) 



+ e 



/rr(3) 



l^fT^ A X#< 3) + e 8 -f+ 8 ™4 5 ' A *F X W + ^-F 2 W A F 



(5) 



p(5) a B>(5) 



+ d(Ae 3 )-J"i AGs 
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where dOz can be obtained from equation (|78|l . Acting with the exterior derivative in H90[) . as it 
stands, is only compatible with d 2 = if dQf — 0, as was assumed all over. Considering the case 
with dQ f 7^ would have required the presence of fields charged under Ai in our reduction ansatz 

El IB]. 

Finally, the five-dimensional Einstein equations read 



(i a F n< )j U"F, 



2Q / e* +4 f^ x /det 5 -i.^/ 1 + e4/+4m 'V o 2 



± V of, 

+ J 9 



(91) 



g-'trlZ-'-g] 



To check the consistency of the reduction one should obtain from the ten-dimensional equations 
of motion for the metric (|16p the equations of motion for /, w, Ai and the five-dimensional Einstein 
equations. The ten-dimensional Einstein equations expressed in Ricci form can be obtained using 
the explicit components given in (|63[) - (|67|) . 

Since the R^j components are proportional to 5ij, the Einstein equations in these directions 

give only one independent equation of motion. The -Rgg ' component gives a second one, and 
considering two combinations of them we arrive to the equations of motion ()88p and (|89|) for the 



(10) 



R 



(10) 







scalars / and w respectively. The R a § equation gives equation (|90p . and R, 
are identically satisfied by evaluating the r.h.s. of the Einstein equations in ten dimensions. The 
five-dimensional Einstein equations are just the R^^ components of the ten-dimensional ones. 



5 Comments on the dual operators and sub-truncations 

The reduction we have performed includes the R-uncharged, un-flavored spectrum derived in [fj] [5] 
from the Type IIB theory on squashed Sasaki-Einstein manifolds. We can refer to the analysis in 
that paper and in [30] for the discussion of the operators of the dual theories. 

This setting is extended in our case to include a few operators from the flavor sector. These are 
discussed, in the quenched J\f = 4 case, in [31], [32]. On the standard AdS vacuum the massless 
vector Ai corresponds to the flavor current of conserved dimension A = 3. The dual operator is 
of the form ^/>?7^'i/> 1 ^ + icf^D^qa) — i(D' J 'q a )q a , where q a ,tpi are the squarks and quarks in the 
fundamental (see e.g. [33]). 

From the five-dimensional action of the previous sections we calculate that the scalar Ao has 
m 2 = —4 (we are considering the a = — 1 brane case), corresponding to the A = 2 operator of 
the form q a a^ lb q b , a 3 being the Pauli matrix |31l 1321 133] , This operator sits in a vector multiplet 
together with the operator dual to the vector Ai, which has protected dimension three; thus, the 
operator dual to Ao has dimension two. This is an interesting mode, since it sits at the edge of the 
BF bound and its quasinormal mode at zero temperature, finite chemical potential in the probe 
approximation has a pole precisely on the real axis [34] , 

It is interesting to consider the subset of operators corresponding to the charged solution in [IB] 
beyond the quenched limit. The flavored solution at zero charge corresponds to the inclusion of 
vevs for a dimension eight operator of the form Tr_F 4 dual to the gravity scalar /, a dimension six 
operator of the form Tr(W a W Q ) 2 dual to the gravity scalar w, and the insertion of the marginally 
irrelevant flavor term in the Lagrangian dual to the gravity scalar $ [29| . 

The charged solution in [18] includes also the gravity fields , C^ 2 ' , Ai . On the AdS vacuurrQ 
and in the "unquenched" case the equations for their fluctuations are coupled to the one of 
and reacQ 



, 5 
d * 



d(*dCi 2) ) = -Q c dB {2) , (92) 

d (*dB {2) ^j =aQ f * (dC[ 2) + (jQfF 2 ) + Q c dC 2 + 8Q f * F 2 , (93) 

(dC (2) +aQ f F 2 ) = -8*Cf 5 , (94) 

8d*7" 2 = -ad*(dC[ 2) +oQ } F^) , (95) 



4 We think about AdS as a convenient vacuum for the analysis of the spectrum in the small Q t limit, even if the 
flavored theory at finite Qf does not strictly admit it as a standard vacuum (the dilaton has a run-away behavior). 
5 In the equation for we gauged to zero the Stiickelberg field Cq 2 \ 
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where 

T 2 = dAi + B {2) . (96) 
We have made explicit the term Fffl = Q c — ARAdS — 4 in units where the radius of AdS is one 



The relevant part of the action for these fluctuations is 

-\dC {2) A ldC {2) - i (dC {2) + aQ/Ja) A * (dc[ 2) + aQ f F 2 ^j (97) 

- 4Cf ) A lc[ 2) - \dB {2) A ldB {2) + Q c dB< 2) A C {2) - 4Q / J r a A 1f 2 . 

In order to read the field content of the action l|97p we have to disentangle the various modesQ 
This can be achieved by standard procedures, see e.g. [3]. As a first step, we dualize .4i by 
introducing the Lagrange multiplier B 2 ; after defining dAi e Fj, we add to the action the term 

- (8Q f + a 2 Q 2 f ) J B 2 A dF 2 . (98) 
The equation of motion for F2 from (|97l) . (|98[) gives 



and integrating F2 out leaves us with 

S ~ /"^ dC, 2 2) A*dCf> - ^#2 2) /\ldB (2) - i(8Q/ + a 2 Q 2 f )dB 2 /\ldB 2 (100) 
+ dfl< 2) A [Q c Cf 5 + (8Q/ + ct 2 Q})B 2 ] - —l^-dCf 5 A *dCf 5 - 4C< 2) A *C< 2) 



(2) 

After canonical normalization, C\ is recognized to be a massive vector with mass squared 
m 2 = 8 + & 2 Qf, corresponding to a A = 2 + */9 + o 2 Qf operator. At Qf — the latter sits in 

the A = 9/2 supermultiplet of TrCVVdW^W 3 ) H [6], [30]. Thus, the operator is schematically 

of the form AA.F d a + c.c. + XaF^X 13 + ■ • ■ where F a/ 3 is the self dual part of the gauge vector field 
strength F M!/ and A is the gaugino. Note the similarity of the structure of these terms with the 
operators dual to the fields Ai, Ao, which might be responsible for the presence of C{ 2) (andCi, 2) , 
see below) in the vacuum with non-trivial baryonic current in [18] . Let us forget about this mode 
in the following discussion, since it is decoupled from the rest. 

We can diagonalize two other modes in the action with the change of variables 



A 2 = . V " = B 2 + . v i — ; C {2) , (101) 



2 

2,n2 



j8Q f +a 2 Q 2 _ J8Q f +a 2 Q 2 

, B 2 H = 

yJQ 2 c + 8Q f + a 2 Q 2 s JQl + 8Q f + a 2 ^ j 

- , 8 ^ + g2 Q/ b 2+ ^ c:r' . 1 iu->. 

^Q 2 + 8Q f + a 2 Q 2 y/Q 2 +8Q f +a 2 Q 2 



giving the action 



-~dA 2 A ldA 2 - ^dB 2 2 A ldB 2 2 - ^dB 2 A ldB 2 (103) 



+ 



■^Q 2 +8Q j +a 2 Q 2 dB 2 2) A B 2 



Thus, upon dualization of A 2 , we are left with a massless vector field Ai, dual to the dimension 
three flavor current. Note that this gravity field is a combination of the quenched massless vector 



6 After equation (1161) we have assumed that the radius of the (squashed) SE manifold, Rse, was set to one, and this 
seems to contradict our use of Ra<is = 1 if RacLS 7^ Rse- However, these two can be made to coincide by a constant 
shift in /. 

7 We thank Alberto Zaffaroni for a very nice discussion about what follows. 
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Ai with c{ 2 ' , C^ 2 ' and Deforming the theory by the addition of (charged) flavors requires 
to re-define the quenched dictionary, but there is still a massless vector dual to the flavor current, 
which has protected dimension. 

{ 2) 

The latter is not true for other operators, as we have already seen for the C\ ' field, since the 
theory is not M = 2. In fact, from the rest of the action (1 103 fl we get also a Q/-dependent massive 

(2) 

two-form. In order to realize this, we dualize B 2 by introducing another Lagrange multiplier 

J Ii A dH 3 , (104) 

where H3 = dB^ is promoted to a basic field. The equation of motion for H3 from (|103p . (I104|l 
gives 

H 3 = - * (dii + ^Q 2 +8Q f + a 2 Q'}B 2 ) (105) 
and integrating H3 out leaves us witlf| 

S*~ j -i [dli + + 8Q, + a 2 Q^ 2 j A I \dA 1 + ^Ql + 8Q f + a 2 Q 2 f B 2 ] (106) 
- idS 2 A *dB 2 . 

Thus, Ai is a Stiickelberg field and the gauge A\ = leaves us with the massive two-form B 2 with 
mass m 2 = Q\ I 1 H — ^ j , and, since we work in units such that Q c = 4 and using cr 2 = 1, 

this corresponds to an operator of dimension A = 6 + Qf . In the quenched case this operator has 

(2) 

dimension six and sits in the same multiplet of the operator dual to C\ discussed above. 



5.1 Three uncharged sub-truncations 

The presence of sources in the reduced setup complicates the study of further truncations with 
respect to the studies in the un-sourced cases performed in [6l[7l|8]. There are, however, three 
cases in which the system simplifies consistently by turning on just a limited number of the fields 
presented in table [T] 



Minimal flavored models in the Veneziano limit. This setup consists in turning on the 
metric, g, and the scalars /, w and With this setup the flavored version of the Klebanov-Witten 
model and the whole infinite family of SE dual theories in the Veneziano limit was constructed 
in |29| . and the finite temperature version was given in [T7]. The effective action describing this 
truncation is 



s KW , 5d - -L J 

with the DBI part absorbed into the potential, which we can write as 



R 1 1 - yd/ A Idf - 20dw A Idw - A - V 1 1 



v = \ 



where we have defined the fake-superpotential 



_3_/aw\ 2 1 fdW\ 2 fdW\ 2 ' 
80\df) + 40 V dw ) + V 9$ J 



w 



,1/ [ 



4e 



f+6w 



6e 



f-Am 



(107) 



(108) 



(109) 



The fact that this is a consistent truncation of the (charged) D3-D7 system implies that the 
analysis of hydrodynamic modes performed in |21, 22] is correct, since those works rely on the 
study of the fluctuations of a consistent truncation. 

As previously mentioned, this truncation corresponds to the inclusion of vevs for a dimension 
eight operator of the form TrF 4 and a dimension six operator of the form Tr(Wa,W a ) 2 dual to / 
and w, and the insertion of the marginally irrelevant flavor term in the Lagrangian dual to $. 



"Note that the combination requires Q ^-dependent dualizations and field redefinitions, so the Qf 
transparent at this stage. 
9 We omit the part in 



limit is not 
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Flavored model with a non-trivial axion. Turning on the five-dimensional axion, Cq , 
in the theory requires for consistency to consider the gauge fields Ai and C[ as well (and the 
related Stiickelberg scalar Cq 4 \ which can be gauged away), besides the presence of the scalar 
fields /, w and <!> as well as the metric g. The equations of motion for the axion and gauge fields 
read 



d 



^Ff] = 0, 
i [ e §/-^ % >] = 2 V2e 8f+8w I + F 2 (5) A dA 1 , 



d e 



>-f+8v 



idAA = aQ f e 2 * * FP + e 



8/+8™ p (5) £ ( 5 ) 



° * Fi°' + A F, 

f 2 



(5) 



These equations of motion can be derived from the effective action 

40 



Saxion 



l 

2k| 



R*l 



-df A *df — 20dm A *dw - 



id$ A *d& 
2 



(110) 
(111) 
(112) 

(113) 



± e -^ f+8w dA 1 AldA 1 



L T e 8f+8w F^ A *F™ 



f-iw p(5) 



F, w A XR (5) - V * 1 



2 1 1 2 

with 1/ given by the expressions ()108[) . (j 109^ and the topological term being 



~\~ Stop , 



Stop = ^ / ~C[ 4) A dAi A dC} 



(4) 



(114) 



This system describes, among others, the flavored version of the anisotropic plasma in 35 , which 
is itself a finite temperature version of the solution in 36 . 

In addition to the spectrum of the previous truncation we have a massless scalar (the axion, 
dual to the dimension four operator of the form F A F) and two mixed vector fields, where the 
linear combinations 2y/2C[ i> + FifAi and F^fc^ - 2 v / 2 Ai have masses m 2 = 24 and m 2 = 
respectively, therefore corresponding to operators of dimension A = 7 and A = 3. The operator 
of dimension A = 3 is the surviving U(1)r gauge symmetry generator [S][B]. Although the kinetic 
and mass terms of Saxion get simplified in the new basis of vector fields, the topological term 
acquires a non-illuminating form, therefore we do not write it here. 



Flavored model with brane scalar mode. In the last consistent truncation we consider 
we turn on the metric g, the scalars /, w, $, B^ and Ao and the vector field B^\ This system 
describes two different scalars coupled in Stiickelberg fashion to the same vector, as explained 
in the previous sections. This is new in string theory context, since it depends crucially on the 
sources to give the second scalar. The relevant equations of motion for the NSNS fields are 



d \e 



die 



U-8w 



-*+4/ + 4m 



I HP] 



*+4S/-4 (1) 



M + e^lF^AFW 



e 5 



which come from the action 
1 



5,, 



2kI 



rIi 



40 



df A -kdf — 20dw A *dw 



1 ,^ 5 

-d$ A *d$ 



(115) 
(116) 

(117) 



1 



.*_| / _ 8t „ H (3) A 5 Ji .(3) 



vli 



2«g J 

where the potential reads 



, + e -*-|/-8» Uaq + b[ 



,(2) 



p 4f+4w — <E> 

1 + - — = Fo 2 



V = 4e~ 



f+2-w I 10m 



6) + 



(118) 
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(2} (2) 

The scalars Ao and Bg and the vector B\ can be decomposed into a massive vector field 
(with an associated Stiickelberg scalar) and a massive scalar field J-o. To see this we focus on the 
relevant quadratic action on top of the AdS background 



2k\ 



-±ff< 8 > A Ifff - ±H™ A Ih™ - 2 (l + 2a + , 
-i [cUo + 2 1 /Q7B 1 2) ] A I [dio + 2^/qJb{ 2) 



iQf 



Pa 2 *! (119) 



where .Ao = 2^/QfAo, and = s/Qf /2J-Q- It is a simple exercise to show that defining the 
scalars £ = 2(y / Q7" 4 o - V2B^ 2) )/fi and £ = 2^/2.fi /v, with /x = 2^/2 + Q/, the previous action 
can be written as 



idC A *d£ (120) 



fJ_ 

' 4 



(2) 

therefore (, is a Stiickelberg scalar that can be gauge away, implying that B{ is a vector with 
mass squared m fl = fj 2 = 8(1 + Q//2), corresponding to an operator of dimension 



A s =2+^/9 + 40} 



(121) 



and the mass of the second scalar is m| = 4(1 + Q//2)(1 + 2a + a 2 Qf/2), therefore the dimension 
of the associated operator depends on the sign a, such that 

(6 + Qf if <r = +l 
A e = <^ . 122 

[2 + Qf if a = -l 

The cr = +1 corresponds to anti-branes, while for a — —1 we are considering normal branes. 



6 Conclusions and future work 

In this work we have constructed the minimal consistent truncation of type IIB supergravity on 
squashed Sasaki-Einstein manifolds, coupled to DBI and WZ actions accounting for charged D7- 
branes, i.e. D7-branes with world-volume flux of the gauge field dual to the baryonic current. 
We have provided the complete five-dimensional action and equations of motion, and we have 
discussed features of the dual spectrum of operators. 

Apart from the intrinsic interest of reductions of gravity theories with explicit brane sources, 
our primary intention was to provide the starting point for the analysis of D3-D7 systems at finite 
baryon density. In particular, the five-dimensional analysis elucidates the spectrum content of 
the known D3-D7 systems [15], which was rather unclear from the ten-dimensional perspective. 
Moreover, the search for new solutions and applications to quark-gluon plasma and condensed 
matter theories, e.g. the study of transport properties, can be undertaken starting from the 
five-dimensional setting. 

With the equations of motion at hand, it would be very interesting to study the stability of the 
known charged solution - in particular, instabilities related to the world-volume gauge flux. The 
consistent truncation provides the minimal consistent set of fields including the vector mode Ai 
and the scalar J-~o- The former mode could be unstable towards non- homogeneous configurations 
at finite density, along the lines of [37, 38 . 

Instabilities of the charged D3-D7 system are expected on general grounds - the dual theory 
contains massless scalars at finite density - but are surprisingly subtle to uncover. In particular, 
no instability is seen in the probe approximation [34]. The scalar mode J-o is an obvious candidate 
for the search of such instabilities, since without brane backreaction it sits at the edge of the BF 
bound (both in the uncharged and charged case). Thus, an obvious direction for future work is to 
analyze the five-dimensional equations of this paper including the fluctuation of the scalar J-o on 
top of the backreacted background |39l 140] . 

We also pointed out novel non-baryon-charged sub-truncations of the D3-D7 systems. One of 
them corresponds to the flavored version of the inhomogeneous plasmas in [35]. Another one is 
rather new and includes the five-dimensional scalar mode coming from the brane gauge field and 
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a single massive vector. It would be very interesting to search for explicit ("flavored") solutions 
of these systems and study the dual field theories both in the context of quark-gluon plasma and 
in condensed matter physics. 

It would also be interesting to extend the five-dimensional reduction by including as well fields 
charged under the U(1)r gauge field, A\. This would require the use of an extra complex two- 
form present in every SE manifold, as was done in the unsourced case in [6j|7 8 for the matter 
transforming in the adjoint representation. The modifications to perform in the fields associated 
to the D7 worldvolume include considering two extra scalars corresponding to the transverse 
coordinates to each of the D7-branes and the promotion of Qf to a function of the target-manifold 
coordinates (such that dQj 7^ 0), at least in the massive flavor case. 
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A Equations of motion for the NSNS sector 
Definition of the O n forms 

The forms Q n of equations ()78p - (|80p are given (in coordinates basis) by 
° 3 - 2-3! |A 5 | 8{B^)J ' 

©4 = - £a ?r 2 ? C4 SSd ,~ dx ci A dx C2 A dx C3 A dx Ci , (124) 

2-4! I A 5 1 S(B[ 2) ) a 

05 = - ^|° ££lfg£3f4£5 SSdbi A dx c 2 A dx c 3 ^ ^ ^ ^ ^ 

5! I A B I S{B { 2) ) 

where the e is the completely antisymmetric density tensor in five dimensions and |As| the volume 
density of the SE manifold in coordinates basis. 

To understand its origin consider an action in D dimensions for a p-form B given by 

S = --^ j \dB A *dB + S S (B) = - j d » x ^EG da B Cv ..c p d a B c ^ c * + S 3 (B Cl -c p ) , 

(126) 



where S s is a source term, which in the simplest DBI case is given roughly by S s ~ / y/—(G + B). 
The equations of motion for the components Bc t - c p of the p-form are given by the Euler-Lagrange 
equations 

d A (V^Gd A B Cl - c A+2k 2 — — = o. (127) 
We focus now on the derivative term, we manipulate it in the following way 
ec l ...c,A l ...A D - KdA (yza d A B c 1 ...c p j dx A, A . . . A dx *n- P = ° 5dB = ^if+p 2 d (S djB ) , 

(128) 



p\(D-p)\ 



where S is the codifferential[3 Performing the same manipulation to the whole equations of 
motion, in the case with D = 10 and p — 2, we have (reinstating a factor of the dilaton) 

d ( e~ m * dB 2 ) + ^e Cl c 2Al -A s ff° BJ dX Al A ■ ■ ■ A dX A * + extra terms = , (129) 
V / 2! 8! oBc 1 c 2 



10 The codifferential acting on a q-form is given by S = (— l) D (9+i)+i * c ;^ j which together with the identity in 



Lorentzian signature * * F p = (—l) p ( D P ^ +1 F P , gives the second equality in (11281) . 
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where the extra terms come from pieces of the action we have not considered above. Upon 
reduction, the second term in (|129[1 gives rise to the O n terms written in H81|) - (|83| ) (plus a sign 
since in l|78 |) -H80 f l these terms are on the right-hand side). 

Relation to the equations of motion for the gauge field A 

Here we show how equations (178|) - (|80p are independent, and their exterior derivatives give the 
equations of motion for Ao and Ai. Before doing this for the five-dimensional reduced fields, let 
us study first what happens in the ten-dimensional case. The following argument will rely on the 
equations of motion derived from the action {TJ, but since this system and (|17p give rise to the 
same dynamics, the conclusion can be used in our reduction to five dimensions, which is based on 
the latter to impose the self-duality of the F5 field strength in a neat form. 

In (QJ the world- volume gauge field comes always in the combination T = 2na'dA + B2 and 
consistency with d 2 — implies that the equation of motion for the gauge field, A, follows from 
the equation of motion for the NSNS potential B2 

VOM[A] = d-^r = 27ra'd|5 = 2na' 'd ( + d^r-) = 2na 'd (EOM[B 2 ]) . (130) 
odA oj- \0D2 odB2 J 

In the reduced case the NSNS potential appears in two different ways: through 3 in the 
IIB part of the action and through J-0,1,2 = "2na'Fo,i,2 + -Bo 1 2 m the- sources part of the actionF^l 

B[ 2) and Btf 

SSiib SSs 



(2) (2) (2) 

Therefore, the equation of motion for B 2 , B{ and Bq are given respectively by 



'SH^ 5^2 



(131) 



d & -^§- - 2V2 5 -^ + = , (132) 

SH {3) SH[ 3) 8?i 



1 

d r— — = . (133) 

6H[ 3) s ^o 

On the other hand, the equations of motion for Ai.o are obtained just from their presence in 

S sources via as 

,SS sources n / 10 ,\ 

d — — = , (134) 

OJ-2 

d^Ssources n /^^Ssources /-ior\ 
-— 2V2 ^= = . (135) 

oJ-\ oJ-q 

Acting with the exterior derivative in (|131|l gives the equation of motion (|134p . However, acting 
with d on (|132p gives the combination 

dEOM[([132])] = 2V2EOM[|133j] - EOM[|135l)] . (136) 

Finally, acting with d on (|133l) gives zero identically. 



B Reduction of the five-form and topological terms 

Starting from the original action |T]), to reduce the five- form and impose its self-duality relations 
the topological terms must be written in terms of F$ instead of C4. With the definitions (|18I) - H20H 
it is straightforward to check that the equations of motion in ten dimensions are correctly derived 
from the action (| 17[) . To achieve the reduction, we proceed by modify minimally the approach in 
[6]. Let us reduce the five-form plus topological term pieces. We introduce the form 

L 5 = B 2 A dC 2 -C 2 A dB 2 + J- 2 A F® 7 . (137) 

Note that d(F^ — iLs) = 0. The decomposition in five-dimensional fields is given in (|5 111 - 11561 ). 
The reduction of the five-form piece of the action, prior to imposition of the self-duality, gives 

-i/ F s A*F t — ► -\V{X SE ) f Y^T^^FIaIfI , (138) 

11 Notice that the topological term is written as J H3 A F3 A C4. 
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with r n , 5 _„ defined in ((58)) . 

Analogously, the first part of the topological term ()23p is simply reduced as 



\( (F^+dC 4 )AL 5 = U 



F5AL5 



5 

jV(Xse) f J2(-l) n+1 Fi 5) AL^ n . (139) 



Before reducing the other pieces of the topological term, let us impose the self-duality of the 
five-form. This can be achieved, following 6 , by adding to the action the Lagrange multiplier 



V(X S 



Ak 2 



+ K 



n(5) 



4 S) + Cf > A eL4i ] A dCj 



-.(4) 



(140) 



It can be checked that varying the whole action (|138I140|) w.r.t. Ff> , FT , F 3 (5) the self-duality 
conditions follow, and that varying it w.r.t. Cq 4 ',C{ 4 ' the Bianchi identities follow. 

Now we can substitute the self-duality relations back into the action, getting rid of Fg 5 ' , F 4 ' 5 ^ 
and F 3 (5) . This substitution kills the term JT38J, while the terms JT39J, (fl40]l reduce to the 
standard kinetic term 



t3kin,mult — q 2 / / j n,5 — n-^n >^ ~k"ti 
5 J n=0 

and a topological term 

S top , mult = ± J \ [- (f™ + Ff ) A Lf + (F^ + dC^ 2V2C[ 

- (f 2 (5) + dc[ 4) ) A L< 8 > + 2C< 4) A dA l A dC< 4) ] . 
Now we can reduce the rest of the topological term (|23[) . by re-expressing it as 
Stalest = \l* A F 2 A F^ 7 - \f a A F 3 A F^ + ±-F 1 A F 4 A F-P 7 
which reduces in a straightforward manner to 



(141) 



Jtop, rest 
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Fn 



\ L f -iff A j- 2 + If«a^ 2 



(142) 



(143) 



(144) 



+ Fo' 



^4 5 ) _ 1 ( j?w A Fi + F 9 W A F s 



(3) 



+ ^ (2F! (1) A F 2 A Fi + F (1) A F 2 2 ) 



A A-l 



+ 2F 



+ 2F 



l4 5) -§^r AFo + F^AF, 
+ ^F F 1 (1) A F 2 A (F 2 + Fi A Ai) 

i4 5) " I (ff > A F + F< 3 > A Fi + ff> A F 5 



,i(3) 



(3) 



~Fq (Fj (1) A Fi + F (1) A F 2 



A F 2 A A\ 



1 r(S) 1 TT p(3) , 1 TT Ml) 

-L x - -FqF 1 + -Fo F x 



+ F 2 A (F 2 +2Fi A Ai) A 
+ F 2 2 AAiA 

Adding up (|142|l and (|144p we arrive to the result in 1)711) after some mild manipulations. 



1 r (5) 1 V P< 3 ' 4- 1 V 2 p(l) 

4 ~~ 3 12 
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C Reduction of the smeared DBI term 



For each D7-brane we have an embedding profile and an induced metric on the worldvolume of 
the D7 given by the pullback 

- dX M dX N „ 

with G the pullback metric, G the ten-dimensional metric, M, N = 0, • ■ ■ ,9, and a, b — 0, • ■ • ,7. 
The variation of the DBI action with respect to the ten-dimensional metric components can be 
written accordingly as 

SSdbi SSdbi dX A dX B 



SGab SG ab 9^ 8? ■ 
We consider only trivial embeddings in this paper. 

The smearing procedure affects the DBI action in the following way 



(146) 



N f i / 

Sdbi = ^¥^)^-Wo I ^V- det ( 6+e_ ^) - 

(147) 

implying in the static gauge 



in 



(AS) 



5 -§^=-^e\l- d et(G + e-^)((G + e-^)- 1 ) 



To write the five-dimensional equivalent to this term we need to translate y — det \ G + e 2 J 
to five-dimensional language. After a quick calculation, using 

det ( C D> = detD dei ( A ~ BD ~ 1C ) ' ( 149 ) 



one arrives to the answer 



(150) 



y-dct(G + e-lr) = e ^ f+2w ^Jl+ ^Jgv/-det(Z)lA 5 | , 

where the matrix Z is given by 

X = s + e -!-f / (j 2 + J, A ij) + e -' 1 '-s / - 8 ' 1 Ji » Ji , (151) 

and we have been careful in not over-counting the ( 1 H g To ) factor coming from the 

the two directions transverse to the D-branes. In other words, since in the smearing procedure 
we promote the eight-dimensional world-volume to a ten-dimensional factor, we have to quotient 
w.r.t. the full open string two-dimensional metric gained in the procedure; the quotient brings an 
extra 1/Jl + sll±±^±jr 2 factor on the r h s of p^fy 

Therefore, after integrating out the SE space, the DBI term may be written as 



W = -^ / e*+y+»V d«t( g -i .Z) yjl + ^Zl^ I ! . (152) 
The contribution of the DBI term to the equation of motion for Ax is given by 

SSdbi , I SSdbi \ , SSdbi ,..„> 

= d -T7T~ + ~T. — ' ( 153 ) 



SAi y SdA! J 6A1 

where the hatted variation is taken considering Ax and dAi as independent fields. This calculation 
yields 

SSdbi SSdbi , 8T2 _ . „.,, 

— = — A - = @ 3 Ao , (154) 

SdA! SF2 SdAx 

SSdbi SSdbi . SVFz + Tx A Ax) SSdbi . ~- „ . ,- „,., 

— = A — = — A Ji = 83 A Ji , (155) 

SAi 8{F 2 + Fx A A x ) 8 Ax 8T2 

so the total variation is the one written in (|90p . 
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